
Computers and Geotechnics 77 (2016) 1–10
Contents lists available at ScienceDirect

Computers and Geotechnics

journal homepage: www.elsevier .com/locate /compgeo
Research Paper
Analytical solution for infiltration and deep percolation of rainwater into
a monolithic cover subjected to different patterns of rainfall
http://dx.doi.org/10.1016/j.compgeo.2016.03.008
0266-352X/� 2016 Elsevier Ltd. All rights reserved.

⇑ Corresponding author.
E-mail addresses: zhanlt@zju.edu.cn (T.L.T. Zhan), qiuqingwen105@163.com

(Q.W. Qiu), wenjiexu84@gmail.com (W.J. Xu).
T.L.T. Zhan, Q.W. Qiu ⇑, W.J. Xu
MOE Key Laboratory of Soft Soils and Geoenvironmental Engineering, Zhejiang University, Hangzhou 310058, China

a r t i c l e i n f o a b s t r a c t
Article history:
Received 29 October 2015
Received in revised form 16 February 2016
Accepted 21 March 2016

Keywords:
Different patterns of rainfall
Infiltration
Monolithic cover
Deep percolation
Analytical solution
Monolithic cover is increasingly considered for use at landfills of solid wastes in arid and semi-arid areas.
The evaluation of the deep percolation of rainwater through the monolithic cover is required for the cover
design. An analytical solution is developed in this study for evaluating the infiltration and deep percola-
tion of rainwater into a monolithic cover, subject to different patterns of rainfall events. The analytical
solution is derived from the simplified one-dimensional governing equation of unsaturated flow for an
infinitely long monolithic cover by taking the exponential forms of the soil–water characteristic curve
and the hydraulic conductivity curve into account. A unit gradient boundary (UG) is considered at the
bottom boundary of the monolithic cover. The patterns of rainfall considered include uniform type (U),
advanced type (A1 and A2), central-peaked type (C), and delayed type (D1 and D2). The delayed
percolation after the completion of a rainfall event can be captured by the analytical solution.
Numerical simulation is conducted to compare the results with the analytical solution and to demon-
strate that the analytical solution is acceptable for describing a silty soil, which is commonly used as
the material for a monolithic cover. The analytical solution is used to investigate the influence of the
rainfall pattern on the infiltration process and the occurrence of deep percolation. The analytical solution
is used to evaluate the total percolation of a monolithic cover subjected to a sequence of non-continuous
rainfall events within a wet season. The evaluation accounts for the influence of the initial water storage
in the cover on the percolation by using the antecedent rainfall method proposed by Crozier and Eyles in
1980. A case study is performed to demonstrate the evaluation approach by using the water balance
monitoring data of a model test on a silty soil cover reported in the literature. The case study indicated
that the total percolation from the analytical solution is 34% greater than the measurement, which was on
the conservative side for practical application.

� 2016 Elsevier Ltd. All rights reserved.
1. Introduction

As a form of earthen final cover, the monolithic cover is increas-
ingly considered for use at some landfills in arid and semi-arid
regions. Unlike conventional covers (e.g., compacted clay layers,
geomembranes, and geosynthetic clay liners) that use materials
with low hydraulic permeability to minimize the downward
migration of rainwater from the cover to the waste (i.e., deep per-
colation), a monolithic cover uses a single layer of fine-grained soil
to retain water until it is either transpired through vegetation or
evaporated from the soil surface, so that the production of the per-
colation is minimized [1,2]. Compared to the conventional covers,
the monolithic cover is expected to be less costly to construct
and maintain [3]. Laboratory and field experiments have been con-
ducted to evaluate the percolations of monolithic covers in differ-
ent climate areas [4–6]. The research results show that the
monolithic covers are effective in some arid and semi-arid areas
[6–8]. In addition, numerical simulations have been conducted
using many codes (e.g., UNSAT-H, VADOSE/W and HYDRUS) to
evaluate the deep percolation of rainwater through monolithic
covers [5,9–11]. In these simulations, the upper boundary was
set as an atmospheric boundary condition consisting of evapora-
tion or infiltration, the bottom boundary was often set as a unit
gradient boundary (UG) or a seepage face boundary (SF), and the
initial water content distribution was set as uniform or non-
uniform, according to the actual situation. Experimental and
numerical approaches have been widely used to evaluate the deep
percolation of rainwater through the monolithic covers. However,
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such numerical studies are time consuming, and such experiments
are costly. The analytical method requires some assumptions to
derive closed-form solutions. If the assumptions are reasonable,
then the analytical solution becomes a simple and practical tool
for calculating the deep percolation of rainwater through
monolithic covers [12].

To date, some analytical solutions for rainfall infiltration into
horizontal or sloping groundhavebeen studiedbymany researchers
[12–17]. In 1991, Srivastava and Yeh [14] derived analytical
solutions for simulating one-dimensional rainfall infiltration into
homogeneous and two-layered soils using Laplace transformation.
In 2010 and 2012, Zhan et al. [12,13] developed analytical solutions
for simulating two-dimensional rainfall infiltration into infinite
homogeneous soil and two-layered soils slopes. In 2012, Huang
andWu [15] presented analytical solutions to one-dimensional hor-
izontal and verticalwater infiltration in saturated/unsaturated soils.
In 2009 and 2012, Wu et al. [16,17] developed analytical solutions
for one-dimensional coupled seepage and deformation in homoge-
neous and two-layerunsaturated soils.However, thebottombound-
ary conditions used in the above analytical solutions were all the
fixed pore water pressure boundary, which differs from the real
conditions at the bottom of monolithic covers. The unit gradient
boundary (UG) or the seepage face boundary (SF) is commonly used
for the numerical computation of deep percolation through mono-
lithic covers. In addition, the upper boundary condition used in the
above analytical solutions was generally constant flow flux, which
cannot be used to simulate non-uniformly distributed rainfall.

An analytical solution is proposed in this paper for describing
rainfall infiltration into a monolithic cover and for calculating its
percolation. The analytical solution is able to take six patterns of
rainfall into account. The soil–water characteristic curve and
hydraulic conductivity curve used in the analytical solution are
expressed by exponential functions. A numerical simulation was
conducted to verify the analytical solution and to determine the
conditions under which the analytical solution is acceptable. The
analytical solution was used to study the influence of the six
patterns of rainfall on the infiltration and percolation in the
monolithic covers. The analytical solution was further applied to
evaluate the total percolation of a monolithic cover being
subjected to a sequence of non-continuous rainfall events within
a wet season. A case study was performed to demonstrate the
evaluation approach by using the water balance monitoring data
of a model test on a silty soil cover reported in the literature.

2. Infiltration model of the monolithic cover

The schematic diagram of a monolithic cover is shown in Fig. 1.
The Cartesian rectangular space coordinates, x and z, are used, with
Rainfall

percolation
γ

x
x*

z z*

Fig. 1. Schematic diagram of a monolithic cover.
x as a positive value in the horizontal downslope direction and z as
a positive value in the upward vertical direction. Another set of
Cartesian coordinates are used as the rotated coordinates, namely,
x⁄ and z⁄, as defined in Fig. 1. To obtain an analytical solution that
can describe rainfall infiltration into the monolithic cover and cal-
culate its percolation, the following five assumptions are made:

(1) The soil of the monolithic cover is homogeneous and does
not exhibit a volume change during the wetting and drying
process.

(2) The sloping length of the monolithic cover is assumed to be
infinite, and the equipotential lines of pore water pressure
are parallel to the surface of the slope [12,13]. Thus, the rain-
fall infiltration into the monolithic cover can be simplified as
a one-dimensional problem.

(3) The pore air pressure in the soil, which remains constant and
is equal to the atmospheric pressure, does not influence the
water migration.

(4) The change of soil temperature has no influence on the
water migration.

(5) The hysteresis associated with wetting/drying process is not
considered in this paper.

According to the above assumptions, the two-dimensional
unsaturated flow of the infinitely long monolithic cover can be
simplified and expressed by a one-dimensional governing
equation, as shown in Eq. (1). Its detailed derived process and
description can be found in the previous literatures [12,13].

@

@z�
k
@w
@z�

� �
þ @k
@z�

cos c ¼ @h
@t

ð1Þ

where k is the unsaturated hydraulic conductivity, w is the pore-
water pressure head, c is the slope angle of the monolithic cover,
h is the volumetric water content, and t is the time.

Eq. (1) is non-linear. To obtain its analytical solution, exponen-
tial functional forms are assumed to represent the hydraulic con-
ductivity function and the soil–water characteristic curve
(SWCC), as shown in Eqs. (2) and (3) [15,16].

k ¼ kseaðwþwaeÞ w 6 �wae

ks w > �wae

(
ð2Þ

h ¼ hr þ ðhs � hrÞeaðwþwaeÞ w 6 �wae

hs w > �wae

(
ð3Þ

where ks is the saturated hydraulic conductivity of the soil used for
the monolithic cover, hr is the residual moisture content, hs is the
saturated moisture content, a is a parameter representing the rate
of reduction in hydraulic conductivity or moisture content as w
becomes more negative, and wae is the air-entry value.

With these two exponential functions, Eq. (1) can be trans-
formed to the following linear equations:

@2k
@z2�

þ a cos c
@k
@z�

¼ aðhs � hrÞ
ks

@k
@t

ð4Þ

The rainfall intensity is measured vertically and must be con-
verted to a component perpendicular to the ground surface (i.e.,
decreased by the cosine of the slope angle) [18]. Therefore, the
upper boundary condition of the monolithic cover can be written
as

k cos cþ k
@w
@z�

� �����
z�¼H�

¼ q cos c t > 0 ð5Þ

where H⁄ is the thickness of the monolithic cover, as shown in Fig. 1
and q is the rainfall intensity that can completely infiltrate into the
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monolithic cover without considering surface runoff, and it can be
constant or vary with time.

Based on a review of the previous numerical simulation studies,
the unit gradient boundary (UG) and seepage face boundary (SF)
were often used as the bottom boundary. For the UG, the percola-
tion at the bottom is forced to occur continuously under the gravity
driven condition at a rate corresponding to the unsaturated
hydraulic conductivity. In contrast, the SF permits the percolation
to occur only when a saturated condition occurs at the boundary.
When the saturation condition occurs, percolation occurs at a rate
equal to the saturated hydraulic conductivity at the boundary.
Compared to the SF, the UG has been more widely used because
it provides a more conservative estimate of deep percolation [8].
Therefore, the bottom boundary in this paper is set as the UG, as
shown in Eq. (6).

@w
@z�

jz�¼0 ¼ 0 t > 0 ð6Þ

The initial condition for the analytical solution is set as uniform
volumetric water content distribution, which is expressed using a
uniform unsaturated hydraulic conductivity distribution, as shown
in the following equation:

k ¼ k0 0 6 z� 6 H�; t ¼ 0 ð7Þ
For simplicity, the following dimensionless parameters are

defined:

k0 ¼ k=ks; k
0
0 ¼ k0=ks; q0 ¼ q=ks

z0 ¼ a cos cz�;H0 ¼ a cos cH�; t0 ¼ a cos2 ckst
hs�hr

(
ð8Þ

Next, the governing equation, the two boundary conditions and
the initial condition for the rainfall infiltration into the monolithic
cover can be rewritten as follows:

@2k0
@z02 þ @k0

@z0 ¼ @k0
@t0

@k0
@z0 þ k0 ¼ q0 z0 ¼ H0

@k0
@z0 ¼ 0 z0 ¼ 0

k0 ¼ k00 t0 ¼ 0

8>>>>><
>>>>>:

ð9Þ

To solve Eq. (9), a transformation is defined as follows [19]:

k0ðz0; t0Þ ¼ Wðz0; t0Þe�1
2z

0�1
4t

0 ð10Þ
Next, Eq. (9) can be rewritten as:
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The analytical solution for Eq. (11) can be obtained through the
Fourier integral transform (a detailed solution is described in
Appendix A) [19].
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The values of bm are obtained as the positive roots of the follow-
ing characteristic equation:

tanðbmH
0Þ ¼ bm

b2
m � 0:25

ð13Þ

Using Eqs. (10) and (12), k0 can be obtained as shown in Eq. (14):
k0ðz0; t0Þ ¼
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Using Eqs. (2), (8) and (14), w can be obtained as

w ¼ ln k0

a
� wae ð15Þ

Using Eqs. (3) and (15), h can be obtained as

h ¼ hr þ ðhs � hrÞeaðwþwaeÞ ð16Þ
The percolation rate at the bottom boundary of the monolithic

cover can be calculated using the following equation.

Per ¼ k0ks cos c ð17Þ
It is well known that the percolation may continue for some

time after the completion of the rainfall as a result of the delayed
migration of rainwater. The analytical solution for calculating the
percolation after the completion of the rainfall is shown in Eq.
(18). The solution was derived in the same way as above but by
replacing the q of Eq. (5) with 0 and the k0 of Eq. (7) with k
(t = T) obtained from Eq. (14); the subsequent solutions are the
same as above. With Eq. (18), the rate of percolation after the com-
pletion of the rainfall can be calculated using Eq. (17).
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where T is the duration of the entire rainfall process, t2 is the time
elapsed after the completion of the rainfall, and T 0 and t02 are the
dimensionless parameters of T and t2, respectively, where

T 0 ¼ a cos2 cksT
hs�hr

and t02 ¼ a cos2 ckst2
hs�hr

.

3. Verification of the analytical solution

Numerical simulation was conducted to verify the analytical
solution. The hydraulic properties of a silt soil reported by Aubertin
et al. in 2009 [20], including the soil–water characteristic curve
and the adapted hydraulic conductivity curve (Figs. 2 and 3), were
used in the verification. The saturated volumetric water content
and saturated hydraulic conductivity of the silt soil are 0.38 and
2 � 10�7 m/s, respectively. The data of hydraulic properties were
fitted by using Eqs. (2) and (3), as shown in Figs. 2 and 3. The fitting
parameters and other parameters are shown in Table 1. The
numerical model of the monolithic cover used in the verification
was established using the SEEP/W module of GEOSLOPE [12]. The
thickness (H⁄) of the model is set as 1 m, and the horizontal length
is set to 30 m. The slope inclination of the model is set as 1:3. The
upper boundary of the model is set as a constant flux boundary,
which depends on rainfall intensity, and the lower boundary is
set as the UG. The boundary conditions of the upstream and down-
stream regions of the model are all set as zero flux boundaries. The
initial volumetric water content was assumed to be uniform and
was set as the residual volumetric water content of the silt soil
(i.e., 8%), corresponding to the initial unsaturated hydraulic
conductivity set as 3.13 � 10�10 m/s [21]. It is assumed that the
rainfall intensity is set as a constant value equivalent to two times
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the saturated hydraulic conductivity and lasts for 144 h (6 days).
The applied rainfall intensity and duration are believed to be an
extreme meteorological case for arid and semi-arid areas. After
the completion of the rainfall, the duration of 24 h (1 day) is
assumed for the delayed rainwater infiltration. Thus, the total
duration of the rainwater infiltration into the monolithic cover is
assumed to be 168 h (7 days).

Figs. 4 and 5 show the changes of pore water pressure profile
and volumetric water content profile with time in the monolithic
cover, respectively. As shown in Fig. 4, the pore water pressure
profiles calculated by the analytical solution are very consistent
with the numerical simulation when the duration of the rainfall
is less than 5 days. On the 6th day, the analytical results deviate
from the numerical results from the shallow soil, in which the pore
water pressure increases to the negative air entry value (�wae), but
the discrepancy is not significant. After completion of the rainfall,
the pore water pressure profile calculated by the analytical solu-
tion is found to be consistent with the numerical simulation on
the 7th day. Fig. 5 shows that the volumetric water content profiles
Table 1
Parameters used in the verification.

Horizontal length (m) Vertical height H⁄ (m)

30 1

Rainfall duration (h) Duration of delayed rainwater infiltration (h)

144 24
calculated by the analytical solution are close to the numerical
results, except that a slight difference exists on the 6th day, when
the value of the pore water pressure at shallow soil is greater than
that of the corresponding air entry value.

Fig. 6 shows the percolation rate calculated at the monolithic
cover’s bottom. It can be seen that the percolation rate calculated
by the analytical solution is consistent with the numerical simula-
tion result. The percolation starts to occur after 40 h of rainfall, and
then the percolation rate continues to increase, even after the com-
pletion of the rainfall during the duration between 144 h and
168 h. The accumulated percolation for the entire process is
14.2 mm. These verification results indicate that the analytical
solution can be used to calculate the deep percolation of the rain-
water through the silty soil, which is commonly used as the mate-
rial of a monolithic cover.

The numerical simulation was conducted again using the SF
boundary (seepage face boundary) condition as the bottom bound-
ary, and all the other parameters were the same as those used in
a (m�1) wae (m) hs hr

1.67 2.2 0.38 0.08

ks (m/s) k0 (m/s) q (m/s) H:V

2 � 10�7 3.13 � 10�10 4 � 10�7 1:3
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the above numerical simulation. The numerical simulation results
show that the accumulated percolation is 0 mm during the whole
process because the SF boundary permits percolation to occur only
when a saturated condition occurs at the bottom boundary. Thus,
the UG boundary condition is more conservative than the SF
boundary condition for the evaluation of deep percolation through
a monolithic cover.

4. Analytical solutions for non-uniform rainfall infiltration into
a monolithic cover

The intensity of a rainfall event in nature generally varied with
time, exhibiting different patterns. Fig. 7 shows six representative
rainfall patterns reported in the previous literatures [22,23]. These
patterns consist of four basic rainfall types: uniform type (U),
advanced type (A1 and A2), central-peaked type (C), and delayed
type (D1 and D2). The advanced patterns have relatively high rain-
fall intensity during the early part of the rainfall event, whereas the
delayed type peaked at the end of the rainfall event. The central-
peaked pattern has a relatively high rainfall intensity in the middle
part, whereas the uniform type has a constant rainfall intensity
throughout the rainfall duration (T).

The expressions corresponding to the six different rainfall
patterns are as follows:

Expression of U pattern : qð0 6 t 6 TÞ ð19Þ

Expression of A1 pattern :
q
�T

ðt � TÞ ð0 6 t 6 TÞ ð20Þ
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Fig. 7. Different patterns of rainfall lasting T hours [22,23].
Expression of A2; C and D2 pattern :

q
T1
t ð06 t6 T106 T1 < TÞ
q

T1�T ðt�TÞ ðT1 6 t6 T06 T1 < TÞ

(

ð21Þ

Expression of D1 pattern :
q
T
tð0 6 t 6 TÞ ð22Þ

where q is the peak rainfall intensity during the whole rainfall pro-
cess; t is the time; T is the duration of the whole rainfall process; T1
is the time of the rainfall increasing to its peak under the A2, C and
D2 pattern.

When 0 < T1 < T/2, Eq. (21) expresses the A2 pattern (T1 is set as
T/4 in this article). When T1 = T/2, Eq. (21) expresses the C pattern.
When T/2 < T1 < T, Eq. (21) expresses the D2 pattern (T1 is set as
3T/4 in the article).

The analytical solution corresponding to the U pattern was
obtained in the second section of this paper. The analytical solution
corresponding to the patterns A1 and D1 can be derived by replac-
ing the q of Eq. (5) with the expressions (20) and (22), respectively;
the subsequent solutions are the same as above. For the patterns
A2, C and D2, the solution consists of two parts. For the first part,
when 0 6 t 6 T1, the solution is the same as above. For the second
part, when T1 < t 6 T, the k0 of Eq. (7) must be replaced by k (t = T1),
which can be solved in the first part. The unified form of an analyt-
ical solution for the six different rainfall patterns is given by Eq.
(23), and the solution is shown in Appendix A.
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where Di and Ei are coefficients corresponding to the six different
patterns, as shown in Table 2. In Table 2, T 0

1 and T 0 are, respectively,

the dimensionless parameters of T1 and T, where T 0
1 ¼ a cos2 cksT1

hs�hr
,

T 0 ¼ a cos2 cksT
hs�hr

. Note: for the A2, C and D2 patterns, the t0 in Eq. (23)

is equal to t0 � T 0
1, when T1 < t 6 T.

The analytical solution for calculating the percolation rate after
the completion of the rainfall with the U pattern is obtained in the
second section of this paper. The analytical solutions correspond-
ing to the other patterns can be derived as shown in Eq. (24) by
replacing the q of Eq. (5) with 0 and the k0 of Eq. (7) with the k
(t = T) obtained from Eq. (23).

k0 z0; t02
� � ¼

P1
m¼1

2½bm cosðbmz0 Þþ0:5 sinðbmz0Þ�
b2mþ0:25ð ÞH0þ1½ � 0:25þb2mð Þ e

�b2mt02�1
4T

0�

k00 sinðbmH
0Þ 0:25þ b2

m

� �
e
1
2H

0�b2mT 0 � Fiþ
q0e

1
2H

0 ½bm cosðbmH
0Þ þ 0:5 sinðbmH

0Þ� � Gi

" #
8>>><
>>>:

9>>>=
>>>;
e�

1
2z

0�1
4t

0
2

ð24Þ
Table 2
Expressions for Ei and Di in Eq. (23) corresponding to the six different patterns.

Type Di Ei

U 1 e
1
4t

0 � e�b2mt0

A1 1 1
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0:25þb2m

	 

� e0:25t

0 þ e�b2mt0

A2, C
and
D2

0 6 t0 6 T 0
1 1 1

T 0
1

t0e0:25t
0 � e0:25t

0 �e�b2mt0

ð0:25þb2mÞ

h i
T 0
1 < t0 6 T 0

e�ð0:25þb2mÞT 0
1 e�b2mt0 � e�b2mt0 ½1�e

�ð0:25þb2m ÞT0
1 �

T 0
1 b2mþ0:25ð Þ þ

t0e0:25t
0 �e0:25t

0 �e
�b2mt0

b2mþ0:25

h i
T 0
1�T 0 þ ½e0:25t0 � e�b2mt0 �

D1 1 1
T 0 t0e0:25t

0 � e0:25t
0 �e�b2mt0

0:25þb2m
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where Fi and Gi are coefficients corresponding to the six different
patterns, as shown in Table 3. Note: for the A2, C and D2 patterns,
the T 0 in the Eq. (24) is equal to T 0 � T 0

1, and the T 0 of T 0
1 � T 0 in

Table 3 must remain constant.
Eqs. (23) and (24) were used to investigate the influence of the

six rainfall patterns on the volumetric water content profiles and
the percolation rate through the monolithic cover, and the delayed
rainwater infiltration through the monolithic cover after the com-
pletion of the rainfall. It is assumed that the total rainfall is kept
the same, and the rainfall intensity of the pattern U and the peak
rainfall intensity of the other five patterns are 2 and 4 times that
of the soil’s saturated hydraulic conductivity, respectively. The
other parameters are the same as that used by the above analytical
model for verification. The calculated volumetric water content
profiles at various times for the six rainfall patterns are shown in
Fig. 8. For all six rainfall patterns, the volumetric water contents
at the different depths of the monolithic cover all increase gradu-
ally during the first 3 days. In addition, for the pattern A1, the vol-
umetric water contents increase the most rapidly because its
rainfall intensity is the greatest during the first 3 days, followed
by the patterns A2, C, U, D2 and D1. In contrast, during the period
between 4 and 6 days, the increasing trend of the volumetric water
content is different between the six rainfall patterns. As shown in
Fig. 8, the volumetric water contents for the pattern D1 increase
the most rapidly because its rainfall intensity during the later per-
iod is the greatest, followed by the patterns D2, U, C, A2 and A1.
During the later period, the volumetric water contents at the shal-
low depth for the patterns A1, A2 and C even gradually decrease
because the amount of rainfall infiltration becomes less than the
water migrating from the shallow soil into the deep soil layer. After
the completion of the rainfalls, the profiles of volumetric water
content for the six rainfall patterns can be calculated using
Eq. (24), as shown in Fig. 8. Over the 7 days, the volumetric water
content in the deep soil layer for the pattern A1 is the largest, and
followed by the patterns A2, C, U, D2 and D1, whereas the volumet-
ric water content in the shallow soil layer is just the opposite.
Because the total rainfall is the same for all six patterns, the more
rainfall there is during the first half of the rainfall period, the
greater the amount of water migrating from the shallow soil layer
into the deep soil layer. The greater the rainfall is during the
second half of the period, the more water there is that will be
stored in the shallow soil layer.

Fig. 9 shows the calculated percolation of rainwater through the
monolithic cover for the six patterns of rainfall. The percolation for
the pattern A1 is found to occur the earliest. This result corre-
sponds to the most rapid increase in volumetric water content at
the bottom of the monolithic cover for the pattern A1. After the
percolation occurs, the percolation rate for the pattern A1 is always
highest during the whole process of the 168 h, followed by the pat-
terns A2, U, C, D2 and D1, with the exception that the percolation
rate for the pattern C is greater than that for the pattern U after the
completion of rainfall (i.e., during the period between 144 h and
168 h). Fig. 9 shows that the accumulated value of percolation at
Table 3
Expressions for Fi and Gi in Eq. (24), corresponding to the six different patterns.

Type Fi Gi

U 1 e
1
4T

0 � e�b2mT 0

A1 1 1
T 0 T 0e0:25T

0 � e0:25T
0 �e�b2mT0

0:25þb2m

	 

� e0:25T

0 þ e�b2mT 0

A2, C and D2 e�ð0:25þb2mÞT 0
1

e�b2mT 0 �
e�b2mT0 1�e�ð0:25þb2m ÞT 0

1

h i
T 0
1 b2mþ0:25ð Þ þ

T 0e0:25T
0 �e0:25T

0 �e
�b2mT0

b2mþ0:25

h i
T 0
1�T 0 þ ½e0:25T 0 � e�b2mT 0 �

D1 1 1
T 0 T 0e0:25T

0 � e0:25T
0 �e�b2mT0

0:25þb2m

	 

168 h for the patterns A1, A2, U, C, D2 and D1 is 20.9 mm,
16.6 mm, 14 mm, 12.7 mm, 9.49 mm and 7.26 mm, respectively.
The accumulated value of percolation is proportional to the accu-
mulated value of rainfall during the first half of the rain period
because the rainwater requires a period of time to migrate from
the shallow soil layer into the deep soil layer and to percolate.
Because the total rainfall is kept the same for all the six patterns,
the greater the intensity of the rainfall is during the first half of
the period, the greater the percolation at the bottom. The greater
the rainfall intensity is during the second half of the rain period,
the larger the amount of rain water stored in the soil is. Note that
the accumulated rainfall for the patterns U and C is identical during
the first half of the period. However, the accumulated percolation
of the pattern U is greater than that for pattern C because more
rainfall occurs later during the first half of the rain period for the
pattern C compared with the pattern U.
5. Practical application

The above analytical solution (i.e., Eqs. (23) and (24)) can be
used to predict the percolation of rainwater through a monolithic
cover subjected to different patterns of rainfall event. Fig. 10 shows
a flow chart for the prediction. At the first step, all the rainfall
events within the considered period (e.g., a representative wet sea-
son) must be identified according to the meteorological data. At
the second step, the initial water storage (S0) in the monolithic
cover prior to each rainfall event (q) should be estimated. The esti-
mated S0 is required to determine the initial condition for the ana-
lytical solution (Eq. (23)), as well as to identify the rainfall event
that will result in percolation. Estimation is performed by follow-
ing the antecedent rainfall method proposed by Crozier and Eyles
in 1980 [24]. The method was meant to estimate the antecedent
rainfall (qa) prior to a specific rainfall event (q) for the analysis of
a rain-induced slope failure. The antecedent rainfall (qa) is calcu-
lated by Eq. (25), in which a 10-day period prior to the rainfall
event (q) is considered.

qa ¼ Kq1 þ K2q2 þ � � �Knqn ð25Þ
where qn is the daily rainfall on the nth day prior to the considered
rainfall event (q). The maximum value of n was adopted 10 by Cro-
zier and Eyles [24]. This value can be a different value when
required. K is an empirical parameter.

The estimated antecedent rainfall (qa) is somewhat a measure-
ment of the water storage in the shallow soil layer. It is assumed
that Eq. (26) can be used to quantify the initial water storage (S0)
in the monolithic cover prior to the rainfall event (q).

S0 ¼ c þ qa ð26Þ
where c is another empirical parameter. The two empirical param-
eters (K and c) depend on the meteorological characteristic and the
hydrological response of monolithic cover, and they can be cali-
brated by the data monitoring water balance. This calibration will
be demonstrated in the case study presented later.

With the estimated initial water storage (S0), the initial condi-
tion for the analytical solution (Eq. (23)) can be determined by
assuming the water content is uniformly distributed along the
depth of the monolithic cover. The uniform value of the initial
water content (h0) prior to the rain event (q) is equal to the initial
water storage (S0) divided by the cover thickness (L) (i.e., h0 = S0/L).

At the third step, with the estimated initial water storage (S0)
prior to each rainfall event, the rainfall events that tend to produce
percolation can be screened from all of the rainfall events. The
screening is performed by comparing the sum of initial water stor-
age (S0) and the rainfall quantity of the considered event (q) with
the water storage capacity (Sf) of the monolithic cover. If the sum
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Fig. 8. Changes in volumetric water content profile with time for the six rainfall patterns.
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is greater than the storage capacity, percolation tends to occur, and
the considered rainfall event will be identified. The theoretical
water storage capacity (Sf) of the monolithic cover is equal to the
field capacity of the soil (hc) multiplied by the cover thickness (L)
[25].

In the fourth step, the rainfall pattern and duration of the
identified events should be determined in accordance with the
availability of meteorological data. If the meteorological data is
provided on an hourly basis, then one of the expressions for the
six rainfall patterns (Eqs. (19)–(22)) can be used to fit the hourly
rainfall data, and the duration can also be obtained. If the meteoro-
logical data are provided on a daily basis, then the rainfall pattern
must be estimated according to the description of the weather
record and the experience on the seasonal rainfall characteristics.
For example, in the summer (June to August) of Wuhan City in
China, a heavy rainfall (greater than 50 mm/d) often occurs within
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All rainfall events within the considered 
period must be identified.

The initial condition of the analytical solution, prior to each 
rainfall event can be estimated using Eqs. (25)-(26). 

Rainfall events should be screened out when the 
sum of their initial water storage and rainfall are 

greater than the water storage capacity.  

The patterns and duration of the screened rainfall 
events can be determined based on the meteorological 

data and the local seasonal rainfall characteristics. 

Based on the parameters determined above, the 
percolation of each screened rainfall event can be 

calculated by using the Eq. (23). 

If the remaining water storage is greater than the water storage 
capacity after the completion of the rainfall event, then further 

calculation of percolation is required using Eq. (24).

Fig. 10. Flow chart for predicting percolation through a monolithic cover.
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12 h, and the intensity firstly increases to a peak and then
decreases to 0 [26]. Thus, the rainfall can be assumed to follow pat-
tern C within 12 h.

At the fifth step, with the initial condition, the rainfall pattern
and duration for each of the identified rainfall events, the percola-
tion of rainwater through the monolithic cover within the duration
of the rainfall event can be calculated by using Eq. (23). Finally, the
percolation may continue after completion of the rainfall event.
Thus, the remaining water storage in the cover at the end of the
rainfall event should be checked against the water storage capacity
(Sf) of the monolithic cover. If the remaining water storage is
greater than the water storage capacity (Sf), then further calcula-
tion of percolation is required using Eq. (24). This calculation
should be performed until the remaining water storage is less than
the water storage capacity (Sf).

The following describes a case study performed to demonstrate
how to use the above analytical solutions (Eqs. (23) and (24)) to
predict percolation through a monolithic cover, based on the
model test result reported by Liu et al. in 2009 [27]. The model test
was performed to investigate the performance of a monolithic
cover during the wet seasons in Wuhan China. The model box,
placed horizontally, was 3.6 m long, 1.3 m wide and 1.3 m high.
A MSW waste layer with a thickness of 0.6 m was placed at the
bottom of the model box. The monolithic cover, consisting of a silty
soil layer (0.6 m in thickness) planted with shrubs, was placed on
the waste layer. TDR probes were installed at three depths
(0.2 m, 0.4 m and 0.6 m) in the soil cover to measure the distribu-
tion of water content, so that the water storage within the soil
cover could be deduced. Three funnel-shaped collection devices
were installed at the bottom of the monolithic cover to measure
percolation. The daily rainfall was measured by the weather sta-
tion nearby. The model test allowed for surface ponding when
the rainfall intensity was greater than the infiltration ability, i.e.,
all rainwater infiltrated into the monolithic cover during the test.

The hydraulic properties of the cover soil used for the model
test reported by Liu et al. [27] are shown in Figs. 11 and 12. The sat-
urated volumetric water content and saturated hydraulic conduc-
tivity for the soil were 0.44 and 8.1 � 10�6 m/s, respectively. The
soil–water characteristic curve and hydraulic conductivity curve
were fitted by using Eqs. (2) and (3). The two fitting curves and
parameters are shown in Figs. 11 and 12.

The distribution of daily rainfall during the model test period
(May 16, 2007 to December 10, 2007) is shown in Fig. 13; the accu-
mulated rainfall was 696.3 mm. The measurements of water stor-
age and daily percolation through the soil cover during the period
are also shown in Fig. 13. The initial water storage (S0) for each of
the rainfall events can be calculated using Eqs. (25) and (26). The
empirical parameters c and K were back analyzed as 0.96 and 80,
respectively. The back analysis was based on the measurements
of water storage prior to each of the rainfall events. The water stor-
age capacity (Sf) was estimated as 210 mm, according to the data of
water storage recorded prior to the observed percolation (see
Fig. 13).

Four rainfall events, corresponding to May 30, June 29, June 30
and July 3, were identified as being able to produce percolation
because the sum of the initial water storage (S0) and the current
rainfall depth (q) was greater than the water storage capacity
(Sf = 210 mm). The values of the initial water storages (S0) prior
to the three rainfall events of May 30, June 29, June 30 and July 3
were calculated as 129.7 mm, 186 mm, 196 mm and 193.7 mm,
respectively, as shown in Table 4. The daily rainfall on May 30
was 115 mm (heavy rain) and was assumed to be distributed
within the first 12 h, with the C pattern according to the local expe-
rience of rainfall characteristics in the period [26]. The percolation
through the soil cover during the rainfall period of 12 h was calcu-
lated as 5.9 mm by using Eq. (23). The remaining water storage (S0)
at the completion of the rainfall event was calculated as 238.8 mm,
which was greater than the water storage capacity (Sf = 210 mm);
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thus, further calculation of percolation was conducted by using Eq.
(24). The further percolation lasting 24 h was calculated as
29.8 mm. As a result, the total percolation for the rainfall event
on May 30 was calculated as 35.7 mm, which is close to the mea-
surement (33 mm). The daily rainfall on June 29, June 30 and July 3
was 30 mm, 16 mm and 39 mm, respectively. The rainfall for all
three events was assumed to distribute within the first 12 h with
the U pattern, according to the local experience of rainfall charac-
teristics at the period. The predicted values of percolation for the
three rainfall events (June 29, June 30 and July 3) were 20 mm,
22.3 mm and 23.8 mm, which were greater than the measure-
ments (i.e., 17 mm, 6 mm and 20 mm).

A comparison between the predicted percolation and the mea-
surements is shown in Table 4. It can be seen that the proposed
Table 4
Comparison of the predicted daily percolation and the measured result.

Rainfall
event

Rainfall
(mm)

Initial water
storage (S0) (mm)

S0 + q
(mm)

Percolation (mm)

Predicted
result

Measured
result

May 30 115 129.7 244.7 > Sf 35.7 33
June 29 30 186 216 > Sf 20 17
June 30 16 196 212 > Sf 22.3 6
July 3 39 193.7 232.7 > Sf 23.8 20

Accumulated percolation 101.8 76
analytical method can capture all the percolation events observed
during the test period, and the predicted total percolation was
101.8 mm, 34% greater the measured result of 76 mm. The compar-
ison indicated that the prediction of percolation through a mono-
lithic cover by using the analytical method is on the conservative
side.

6. Conclusions and suggestions

This paper presented an analytical solution for evaluating the
infiltration and deep percolation of rainwater into a monolithic
cover, subject to different patterns of rainfall events, including uni-
form type (U), advanced type (A1 and A2), central-peaked type (C),
and delayed type (D1 and D2). The analytical solution is derived
from the simplified one-dimensional governing equation of unsat-
urated flow for an infinite long monolithic cover by taking the
exponential forms of the soil–water characteristic curve and the
hydraulic conductivity curve into account. A comparison between
the analytical solution and the numerical simulation demonstrated
that the analytical solution is acceptable for the silty soil, which is
commonly used as the material for a monolithic cover. The analyt-
ical solution was further applied to evaluate the total percolation
of a monolithic cover being subjected to a sequence of non-
continuous rainfall events within a wet season. The evaluation
accounted for the influence of initial water storage in the cover
on the percolation by using the antecedent rainfall method pro-
posed by Crozier and Eyles in 1980. A case study was performed
to demonstrate the evaluation approach based on the water bal-
ance monitoring data of a model test on a silty soil cover reported
in the literature. The case study indicated that the prediction of
percolation from the analytical solution is 34% greater than the
measurement, being on the conservative side for practical applica-
tion. The analyses of the six rainfall patterns indicated that the
greater the rainfall intensity during the first half of rainfall period
is, the earlier the deep percolation occurs, and the accumulated
percolation increased with the rainfall depth during the first half
period. The analytical solution provides a simple and potential tool
for evaluating the hydrological performance of a monolithic cover.
For practical application of the analytical solution, further work is
required with respect to the calibration of the model parameters
with detailed meteorological data and an accumulation of water
balance monitoring data for monolithic covers.
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Appendix A

W can be obtained from

W ¼
X1
m¼1

X
N
e�b2mt0 ½F þ A�

in which X, N, A and F are given by
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Q ¼
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q0ðt��T 0Þ
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q0t�
T 01
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